We study the nitrogen binding curve with the density matrix renormalization group ͑DMRG͒ and single-reference and multireference coupled cluster ͑CC͒ theory. Our DMRG calculations use up to 4000 states and our single-reference CC calculations include up to full connected hextuple excitations. Using the DMRG, we compute an all-electron benchmark nitrogen binding curve, at the polarized, valence double-zeta level ͑28 basis functions͒, with an estimated accuracy of 0.03 mE h . We also assess the performance of more approximate DMRG and CC theories across the nitrogen curve. We provide an analysis of the relative strengths and merits of the DMRG and CC theory under different correlation conditions.
I. INTRODUCTION
High-accuracy numerical studies of the Schrödinger equation allow us to assess approximate methods and the contribution of higher-level corrections to molecular properties. These studies are of particular interest in challenging systems, which possess complicated electronic structure.
In this work, we examine the well-known problem of the nitrogen binding curve. As the nitrogen triple bond is stretched, the electronic structure changes from singlereference to highly multireference, and consequently a balanced description across the potential energy curve has traditionally been difficult to achieve. 1,2,3,4 -6 Here, we use the density matrix renormalization group ͑DMRG͒ and high-level coupled cluster ͑CC͒ theories to compute a benchmark, all-electron, nitrogen binding curve within the Dunning cc-pVDZ basis. 7 These calculations thus go beyond previous full configuration interaction ͑FCI͒ studies, which used the frozen-core (10 e) approximation. 1, 6 Allelectron FCI calculations ͓which retain all elements of the configuration interaction ͑CI͒ vector͔ for this system remain currently out of reach ͑the D 2h space contains roughly 1.8 ϫ10 11 determinants͒. While the DMRG and CC theories should be seen as providing a hierarchy of approximations to the FCI result, our calculations have been carried out to a very high level (M ϭ4000 for DMRG, and up to hextuple excitations for CC theory͒, yielding near-FCI quality numerical results. Our best DMRG calculations yield an estimated residual error across the nitrogen binding curve of better than 0.03ME h , and, in the equilibrium region, even higher accuracy is achieved by our best CC results.
In addition to the benchmark calculations, we examine the behavior of both approximate DMRG and CC ͑single reference and multireference͒ theories for the nitrogen dissociation problem. A particular question we seek to answer is the relative suitability of the DMRG and CC theories in bond-breaking situations. This study leads us to conclude with an analysis of the relative merits of the two approaches under different correlation conditions.
II. METHODOLOGY

A. DMRG
The DMRG is a method to systematically approximate the solution of the Schrödinger equation. It has been widely applied to study strongly-correlated quantum lattices 8, 9 and has more recently been developed as a quantum chemical method. [10] [11] [12] [13] [14] [15] As a detailed description of our algorithm and implementation may be found in Refs. 12 and 14 we shall concentrate on the conceptual aspects of the method.
We first partition orbitals into two groups: a left and right block with l and r orbitals. In general, the Fock space of each block F l ,F r is spanned by a set of many-particle functions ͕ l ͖, ͕ r ͖, and thus the exact wave function of the system may be written as
where r ϭ ͚ d r , and the sum in Eq. ͑1͒ is subject to necessary constraints, e.g., if the system has a definite number of particles N, then the number of particles in l and r must add up to N.
In the DMRG, we seek the best approximation of rank 4M to ⌿ Ref. 16 , and thus the DMRG Ansatz is
where l , r are now optimal many-particle functions in the Fock spaces of the left and right blocks. The Ansatz ͑2͒ amounts to a singular value decomposition of ⌿ where l , r are the singular vectors and c are the weights. Equivalently, in a procedure from which the method derives its name, we can compute l as the eigenvectors of the reduced density matrix ⌫ϭTr ͕r͖ ͉⌿͗͘⌿͉, where we have traced over the states in the right-hand block. Because the functions l , r are optimal many-particle functions, and not simply determinants, it is possible for Eq. ͑2͒ to provide a compact representation of ⌿ for relatively small values of M .
The objective of the DMRG algorithm is then to determine the optimal functions l , r . To facilitate this, the DMRG assumes an additional nested structure-typical of a renormalization group theory-that relates the functions in successively larger blocks,
that is, the optimal functions for the block l are contained within the product Fock space of the smaller block lϪ1 and orbital l ͑see Fig. 1͒ . At each length of block l, the optimal M functions l are determined by solving the Schrödinger equation with the best current representations ͕ r ͖ and ͕ lϪ1 ͖ in the tensor product space of O(16M 2 ) functions, and constructing the reduced density matrix of the left-hand block to determine the O(4M ) eigenvectors l ͑of which we retain M ). Thus DMRG calculations are performed in an iterative set of sweeps, where in each sweep, one block is increased in size at the expense of the other, while the representations of the spaces (͕ l ͖ or ͕ r ͖ depending on the direction of the sweep͒ are improved. As we sweep through the orbitals to construct our spaces in Eq. ͑3͒, we need to specify an order in which the orbitals are traversed. In one-dimensional systems, a natural ordering consistent with the hierarchical space structure ͑3͒ exists and in such systems, the DMRG is particularly powerful. However, we do not have this natural ordering in most molecules, and in practice, we commonly order by grouping orbitals together to minimize long-range correlations ͑and thus the number of interactions between the left and right blocks͒, or simply energy order by orbital eigenvalue. 12, 17, 18 The DMRG wave function exists within a product Ansatz, and thus with a physical ordering, the DMRG is a sizeconsistent theory. Consider a system with two noninteracting widely-separated fragments A,B and with orbitals ͕a͖ on A and ͕b͖ on B. Now order the orbitals, ͕a͖͕b͖, so that the orbitals on A and B form two disjoint sets. If we now place the dividing line between the left and right blocks between ͕a͖ and ͕b͖, then the DMRG ⌿ is immediately in the separable size-consistent product form ⌿ϭ A B , 19 where A , B are the corresponding rank M DMRG wave functions for A, B.
B. Coupled cluster theory
Excellent treatments of CC theory may be found in the literature 20, 21 and we provide only a brief review. In CC theory, the wave function is expressed by the exponential Ansatz
where ͉0͘ is the reference, usually a Hartree-Fock determinant, and T is an excitation operator,
e.g.,
where i, j denote orbitals occupied in ͉0͘ and a,b denote the corresponding unoccupied virtuals. The important feature of the CC Ansatz is the separation of correlation into connected and disconnected components; for example, double excitations from i j→ab are expressed as the sum of a ͑discon-nected͒ product of single excitations due to (1/2)T 1 2 and a connected contribution T 2 . A truncated T operator yields a good representation of the wave function when the neglected connected components are small. In addition, truncated CC Ansätze are size consistent since e T AB ϭe T A ϩT B ϭe T A e T B , if T A and T B act only on A and B, respectively, since the CC equations are fully connected.
The CC equations to determine the T amplitudes are nonlinear equations with a number of terms that grow factorially with excitation order n. This has led to several different computational strategies to handle the complexity of high order CC theory. [22] [23] [24] [25] [26] In this work, we use a string-based algorithm 23, 27 to evaluate excitations of arbitrary order.
C. Multireference coupled cluster and configuration interaction
In our study of approximate methods ͑Sec. III C͒ we present calculations using the multireference configuration interaction ͑MRCI͒ and multireference coupled cluster ͑MRCC͒ theories. These were developed to describe the kind of correlation problems we encounter in the current work, i.e., bond breaking, where the Hartree-Fock reference is a poor representation. In these methods, the Hartree-Fock reference is replaced by a set of reference determinants, often chosen to be a complete active space, and usually single and double excitations out of the reference determinants are con-FIG. 1. A typical block configuration, with lϪ1 orbitals ͑circles͒ in the left block, r orbitals in the right block, and a single orbital ͑dashed circle͒ l ͑4 states͒ to be added to the left block. For simplicity, the orbital that is added to the right block ͑dashed circle͒ is considered as part of the right block here.
sidered. In a MRCI calculation the Hamiltonian is simply diagonalized in this space. The main formal disadvantage of MRCI is the lack of size consistency.
Among the several multireference generalizations of CC theory, we employ the state-selective MRCC Ansatz proposed originally by Oliphant and Adamowicz. 28 In this approach a formal Fermi vacuum is chosen from the reference space and excitations out of the other reference functions are regarded as higher excitations from this determinant. The appealing feature of this method is that it retains the simplicity and the size-extensive nature of the single-reference CC formalism. More detailed descriptions of MRCI and MRCC theories may be found in Ref. 29 .
III. THE NITROGEN BINDING CURVE
A. Methodology
Calculations on the nitrogen molecule were carried out using the Dunning cc-pVDZ basis 7 with spherical d functions ͑28 basis functions in total͒. Six geometries were studied: 2.118 (r e ), 2.4, 2.7, 3.0, 3.6, 4.2a 0 . Frozen-core calculations employed both canonical restricted Hartree-Fock ͑RHF͒ and unrestricted Hartree-Fock ͑UHF͒ orbitals ͑ener-gies given in Tables I and III͒ , freezing the 1 g , 1 u * , or nitrogen 1s orbitals. All-electron calculations used canonical UHF orbitals. Molecular orbital calculations were performed and integrals were computed using MOLPRO. 30 FCI calculations in D 2h symmetry were computed at the frozen-core level using the program of Kállay et al. 23 DMRG calculations used the BLOCK program.
14 Two warm-up sweeps at M ϭ600, 800 were carried out, followed by sweeps at M ϭ1000, 2000, 4000. The number of sweeps at each M value ranged from 6 -17 sweeps at the M ϭ1000 level, to 4 -6 sweeps at the M ϭ4000 level; all sweep energies are reported to the number of converged digits. Orbitals were ordered to minimize long-range interactions as measured by the one-electron integrals ͑orderings available as supplementary material͒. Since the one-electron integrals vanish between orbitals of different symmetry, these reorderings group orbitals of the same symmetry together. For technical reasons 31 the DMRG calculations were carried out using only C s symmetry.
Single-reference CC calculations including up to hextuple excitations were carried out using the program of Kál-lay et al. 23 CCSD ͑T͒ energies were obtained using ACES II. 32 At the all-electron level we neglected hextuple excitations out of the nitrogen 1s orbitals: this frozen-core approximation is denoted H-f c. We estimate the error with respect to full CCSDTQPH since this approximation is in the range of 0.1-0.2 E h . All CC calculations used the full symmetry group of the orbitals (C 2v or D 2h ) and were converged to the E h level. MRCISD and MRCCSD calculations were obtained using the program of Kállay et al. 27 A complete active space ͑CAS͒ containing the nitrogen 3 g ϩ , 1 u , 1 g , 3 u ϩ orbitals was used. The ͑6, 6͒ CAS wave function was used as the reference space in the subsequent MRCCSD calculations. Multiconfigurational self-consistent-field calculations were performed and integrals were obtained using the COLUMBUS 33 suite of programs.
B. Frozen-core calibration calculations
Before presenting our all-electron results, we first present frozen-core calculations, which allow us to calibrate Tables I, II, and Fig. 2 .
We remark first on the convergence of the DMRG sweeps for fixed M . The presented sweep energies are given to fewer than six digits at the M ϭ1000, 2000 level. While successive sweeps at fixed M typically converge smoothly ͑see Fig. 3͒ , the rate of convergence slows when the remaining sweep error is comparable to the intrinsic error associated with truncation to M states. This slowdown results from the simple self-consistent sweep procedure employed in our DMRG algorithm. Consequently, given our computing resource constraints, it is wasteful to converge small M calculations to very high accuracy. Convergence is also slower at stretched geometries, but we typically require no more than two to three times the number of sweeps to achieve the same level of convergence as at r e . Acceleration schemes such as direct inversion in the iterative subspace ͑DIIS͒ 34 may be used to improve the self-consistent DMRG sweep procedure in the future.
The DMRG energies at all M values display an error across the potential energy curve that varies only within a factor of 2. The most accurate calculations at M ϭ4000 had a maximum error of 20E h , and a nonparallelity error ͑the absolute difference between the maximum and minimum errors͒ of only 10E h . This is encouraging given the multireference nature of the problem, and demonstrates the insensitivity of the DMRG to the quality of the underlying RHF reference, which is very poor at stretched geometries.
The current results improve over our previous calculations in Ref. 12 , which displayed an artificial increase in error in the intermediate bonding regime. This is due to our use of the improved sweep initialization procedure described in Ref. 14, which prevents the loss of quantum numbers during the early warm-up sweeps.
We now turn to our CC calculations. The earlier study of Krogh and Olsen 1 already presented frozen-core FCI and CC calculations including up to quadruple excitations at a number of points along the nitrogen curve. We have, when possible, recomputed more fully converged FCI and CC energies, and extended the calculations of Krogh and Olsen to highly stretched geometries. We have been unable to obtain CC results using the RHF reference at the higher excitation levels at 4.2a 0 . This is due, in part, to the poor convergence behavior of the CC equations. For example, at 4.2a 0 , the CCSDT equations required over 500 iterations to converge, and we could not converge the CCSDTQ energy even after many hundreds of iterations. This is a reflection of the breakdown of the restricted CC description at long bond lengths.
In agreement with this breakdown, the error in the CC energies increases by an order of magnitude as the bond is stretched. Furthermore, the CCSDT energy actually lies significantly below the variational limit ͑Table II͒ at longer bond lengths. This pathological behavior contrasts with the behavior at equilibrium, where the convergence of the CC hierarchy is exponential and the CCSDTQPH energy is in error by only 2E h . Although the unrestricted CC energies were obtained with an unrestricted frozen core, and are thus not strictly comparable with the other results, the effect of the change of core is quite small. To estimate this effect, we performed a frozen-core unrestricted FCI calculation at 2.4a 0 , yielding a correlation energy ͑relative to the RHF reference͒ of Ϫ0.371 520E h , 66E h above the restricted FCI result. This difference is small enough to allow us to comment on the change when going from the restricted to the unrestricted CC theory. In general, we observe a crossover between the accuracies of restricted CC and unrestricted CC energies at 3.0a 0 ͑roughly 1.5r e ). However, although the unrestricted CC theories avoid a variational catastrophe at longer bond lengths, the convergence of the unrestricted CC hierarchy to the FCI result is still very slow. Thus, even with full hextuple excitations, the error at 4.2a 0 is 0.827ME h , 400 times larger than at r e .
Finally, we comment briefly on our MRCI and MRCC results. Both theories produce well-behaved dissociation curves. It should be noted that although the absolute errors of the MRCI energies are far greater than the MRCC energies, the nonparallelity errors ͑NPEs͒ are within a factor of 2. This is particularly significant given the greatly increased cost when going from MRCI to MRCC theory.
C. All-electron calculations
In Table III and Fig. 4 we present new all-electron calculations using the DMRG, CC, MRCI, and MRCC meth- ods. We expect balanced results over the entire binding curve to be provided by our highest level DMRG (M ϭ4000) calculation. While we cannot give a definitive estimate of the error of our calculations in the absence of exact results, we can refer to our previous experience in the frozen-core calculations. At the frozen-core level at r e , the DMRG (M ϭ4000) number is accurate to 9.5E h , while the CCS-DTQPH energy is essentially exact. We observe a comparable energy difference of 15E h between the all-electron DMRG (M ϭ4000) and CCSDTQPH-f c numbers, indicating that errors in the correlation energies should be roughly transferable. From our frozen-core calculations, we also expect a slowly varying error in the DMRG energy across the potential energy curve; allowing the same factor of 2 variation in the error, we estimate that our DMRG (M ϭ4000) correlation energies are accurate to better than 30E h across the nitrogen curve. We note that we observe similar convergence ͑with M ) of the DMRG algorithm both in the all-electron calculations, which used localized unrestricted orbitals, and the frozencore calculations which used delocalized restricted orbitals. Although a localized description might appear to be beneficial for the DMRG, in practice the advantages are reduced in systems which are not one dimensional, as is the case here.
The CC correlation energies lie below the DMRG (M ϭ4000) energies at the geometries near equilibrium, with the crossover between the CCSDTQPH-f c and DMRG (M ϭ4000) energies occurring at roughly 2.7a 0 . However, as expected, the error in the single-reference CC calculations grows as the bond is stretched, which results from the poor quality of the Hartree-Fock reference at stretched geometries. Thus whereas the CCSDTQPH-f c energy is expected to be accurate to a few E h at r e , at 4.2a 0 ͑roughly 2r e ), the energy lies about 0.84ME h above the best DMRG result. Since the CCSDTQPH-f c wave function contains the full active space, this NPE is attributable to the different treatment of dynamic correlation across the binding curve. Lower level CC methods display a characteristic maximum in the error near 3.6a 0 . Furthermore, the commonly used CCSD ͑T͒ approximation yields substantially different energies from CCSDT theory at stretched geometries.
The MRCISD and MRCCSD curves display large absolute errors ͑due to the incomplete treatment of dynamic correlation͒ but the error curves are quite flat, and the NPEs are relatively small in comparison to the error in the total energy. As the NPEs for both MR schemes are very similar, it appears that the size-consistency problem of MRCI is an unimportant issue for the calculation of the potential energy curve of N2.
Our all-electron calculations allow us to estimate the core-correlation energy. As expected, the core-correlation energy ͓estimated from the DMRG (M ϭ4000) energies͔ smoothly decreases as the bond is stretched, decreasing from 3.8ME h (r e ) to 3.1ME h (4.2a 0 ).
Finally, a few remarks concerning the cost of these calculations. The time taken per DMRG sweep for the allelectron calculations was roughly 0.56/1.6/8.5 h at the M ϭ1000/2000/4000 levels using 64 1.05 GHz Sun UltraSparc IIICu processors. It should be noted that the all-electron DMRG calculations are not much more expensive than the frozen-core calculations which take 0.39 1.1 or 5.0 h, respectively, at the same M levels; the theoretical quartic scaling yields a cost ratio of 1.4 between all-electron and frozen core calculations. The CCSDTQPH-f c calculations took roughly 1 day per CC iteration on a 2.4 GHz Pentium IV workstation, with a total number of iterations ranging from 7 at r e to 100 at 4.2a 0 .
IV. EXCITATIONS IN DMRG AND CC THEORY
Although both the CC and DMRG hierarchies represent correlated wave functions in compact, and hence efficient forms, the two theories encompass significantly different models of correlations, with different strengths. As is well known, CC methods typically provide an efficient representation of correlated wave functions near the equilibrium region. While the CCSDTQPH-f c wave function is still less compact than the DMRG (M ϭ4000) wave function, in that there are far more than 4000 CC amplitudes ͓or even 300 000, the typical size of the full O(16M 2 ) tensor product DMRG space at the M ϭ4000 level͔, we note that the high overhead associated with the RG methodology means that in practice it is typically more costly to perform a DMRG calculation of comparable accuracy to a high-level CC calculation at r e . While the CC hierarchy makes use of a connected or disconnected representation of excitations, the DMRG makes no such distinction.
The weakness of the CC hierarchy lies in the favored status given to the reference system. Thus high-level excitations, as measured from the reference, are truncated first. This order of truncation is illustrated schematically in Fig. 5 . In contrast, the DMRG provides a radically different scheme of truncation, where excitations are truncated to and from each given orbital, as illustrated in Fig. 5 . Thus the DMRG treats all orbitals on an equal footing and is a true multireference theory. This accounts naturally for the much improved performance of the DMRG as compared to CC theory in multireference scenarios.
V. CONCLUSIONS
In this work we have carried out benchmark frozen-core and all-electron studies of the nitrogen molecule binding curve, using state-of-the-art DMRG and CC methods. Using the DMRG, we have been able to provide near-full-CIquality ͑within 30E h ) solutions of the Schrödinger equation.
Our investigations demonstrate that the CC theories provide very good representations of correlation near equilibrium, but even with fully connected hextuple excitations, this description rapidly worsens at more stretched geometries. In contrast, the DMRG provides a much better balanced description across the full potential surface, although near the equilibrium geometry, this representation can be less efficient than that provided by CC theory. FIG. 5 . Excitations in DMRG and CC theory. In the DMRG, all levels of excitation to and from a given orbital are considered before truncation. In CC theory, excitations are truncated based on their order relative to the reference.
